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ABSTRACT

Mathematicians often say that the essence of Mathematics lies in the beauty of numbers,
figures and relations, and there is truth in that. But the driving force of mathematical
innovation in the last centuries has been the desire to understand how Nature works. This
aspect often goes unmentioned.

Together with the experimental method, Mathematics forms the conceptual scheme on
which modern science is based and which supports technology, with close interactions among
them. Upon these bases the industrial society was born almost four centuries ago, and the
new information society is built in the present along the same lines.

In this article we give a brief outline of this scientific connection and how it came to
work, with a view to the future and a short comment on Mathematics in Spain.

1 Introduction. Essence and role of Mathematics

Mathematics is an autonomous intellectual discipline, one of the clearest exponents
of the creative power of the human mind. On the other hand, it plays a fundamental
role in modern Science, has a strong influence on it and it has been influenced by it in
an essential way. Here are, briefly presented, two conceptions that symbolize different
ways of seeing the great edifice that is present-day Mathematics. These options are
reflected in the denominations of Pure and Applied Mathematics. But then, are there



two different Mathematics? and, if this true, can they healthily co-exist, or do they
actually exist separated from each other? In the present article we will see that, today
as in the past, both views of Mathematics are faces of the same coin, looking at times
so different, at times so similar.

A first dimension of Mathematics is in fact the pure aspect, Mathematics as an
art in its own right. It is natural for professional mathematicians to tend to see their
science from the point of view of the art in itself, with its postulates, conjectures, lem-
mas and theorems, with its intuitions and its methods of proof, with its time-honored
areas: arithmetic, algebra, geometry and analysis, and the new sprouts: statistics,
calculus of probabilities, mathematical logic, computation,... and above all, with its
perfect logical deductions. Mathematics is an art that expresses beauty in the form
of axioms, theorems and logical or numerical relations; it attracts the researcher pre-
cisely because of its logical perfection, by being one of the most compelling examples
of the human capacity for reasoning and analysis, by imposing order and harmony
where formerly we saw only disorder and chaos. This is the dimension which lies
closest to the researcher and, as every pure form of art, it has a fascination that
explains why professionals devote an enormous and quite exclusive part of their lives
to it. Great scholars, from Pythagoras and Plato to Gauss, have even seen in Math-
ematics a world of order, more perfect that the everyday physical world. In fact, few
professional mathematicians have missed to feel that the true Mathematics inhabits
somewhere beyond, in an ideal world, waiting to be discovered by the artist. The
idealists can go very far in this direction: thus, Carl G. J. Jacobi sustained once that
Mathematics exists only “for the honour of the human mind”. Hence, the popular
conception, at the same time romantic and misleading, of the mathematician as a
distracted savant with little or no practical mind.

Indeed, Mathematics is more than that: next to the experimental method, it
is the basis upon which modern Science has been built and, as a consequence, the
modern technological development rests. It permeates today all aspects of contem-
porary society from engineering to information, business and finance, not forgetting
the movement of the social disciplines toward the status of sciences, which amounts,
in other words and with the proper nuances, to the use in these disciplines of the
mathematical and experimental methods in combination. The practical importance
of Mathematics in Science is indisputable, and it is not under discussion to a certain
level, since the overwhelming majority of scientists are well aware of the instrumental
value of some Mathematics. Thus, a quantitatively very important part of the Math-
ematics that is taught at universities all over the world is devoted to the education of
engineers, physicists, chemists, computer scientists, economists and professionals of
several other disciplines. However, the “applied” role of Mathematics goes far beyond
this description, is more essential. In fact:



(i) Mathematics has played a fundamental role in the formulation of modern
Science since the very beginning; a scientific theory is a theory that has an adequate
mathematical model;

(ii) the Mathematics that can be applied today covers all the fields of the mathe-
matical science and not only some special topics; it concerns Mathematics of all levels
of difficulty and not only simple results and arguments;

(iii) the sciences continue to require today new results from ongoing research and
present multiple new directions of inquiry to the researchers, but the rhythm of the
contemporary society makes the time lapse substantially shorter and the request more
urgent;

(iv) the capabilities of scientific computation have made numerical simulation an
indispensable tool in the design and control of industrial processes.

In this article we will deal with this aspect whereby Mathematics is the language
in which the pages of Science are written. thanks to it there has been a development
of the combination Science-Technology that has changed the life of the citizen of
technologically advanced societies in the last four centuries in a more radical way than
the neolithic revolution had done in the ninety previous centuries, and the change has
been more dramatic in the last decades than in whole centuries before. Indeed, the
daily practice of the physical sciences and engineering hides huge amounts of higher
mathematics. Moreover, the very concepts on which their theories are based are
essentially mathematical concepts. In the last decades we have seen the trend towards
mathematization reach other disciplines, like Economics, particularly the financial
market, branches of Chemistry, Biology and Medicine, and even the social sciences.

In the hands of the scientist, Mathematics should permit to assimilate the data
and to understand the phenomena. In the hands of the engineer, it is the tool that
makes possible to build a numerical or qualitative model whose analysis allows to
make decisions and design artifacts in an efficient and reliable way. This activity is
what, lacking a better name, we call Applied Mathematics. It covers the classical
areas like Mathematical Physics and Mathematical Methods for Engineering, but it
has today broader contours with the advent of scientific computation and numerical
simulation. Applied Mathematics is just the Mathematics of Reality, i.e., the real
world, whatever this sentence means to each individual reader.

Let us point out that there are other complementary visions of Mathematics: its
cultural aspect, its importance in teaching and education as a vehicle for rational
thought, its importance in understanding the daily world (“the Mathematics for the
common man”), its aspect as a challenging intellectual game. It is at the same time
the science of the exact and the calculation of the probable. It is the science of abstract
and symbolic reasoning, and it is also today synonymous to computational virtuosity,



of capacity to effectively process information, such an important quality in the present
world. It tells us about the pure scientist who works with a piece of paper, and also
about the world of modelization, computation and control of industrial processes.
The layman thinks that Mathematics is tied to the quest of infinite precision. In
practice, much of the art of contemporary mathematics is based on estimates. All of
these aspects are part of the multiple legacy of Mathematics'.

We turn next our attention toward the past and present of Applied Mathematics.
The reader may find it convenient in a first reading to skip the information contained
in the footnotes. Besides, a number of famous and important formulas and equations
will appear scattered through the text. They are not meant to be studied as part
of this text! The purpose is rather to remind the initiated reader of their beauty
and relevance, and at the same time to make the point that there is no royal way to
Mathematics, namely that a real understanding of the topics outlined here implies
serious study.

2 Galileo’s and Newton’s heirs

Two great historical figures fixed the key role of Mathematics in the moments in which
modern Science was being born. Galileo formulated it, Newton demonstrated it. We
ought to add that back in History Pythagoras of Samos (569bC-475bC) sustained that
All is number and found the wonderful connections between Music and Arithmetic,
while Archimedes of Syracuse joined Geometry and Mechanics in the I1Ird century b.C
(died 212 b.C.). And one century before Galileo, the universal genius of Leonardo da
Vinci guessed the role of Mathematics in Science. A pleiad of great mathematicians,
the heroes of our story, followed them?. The mathematicians who are busy with the
application of their art walk truly upon the shoulders of giants®.

Let us proceed in parts: it is true that from the oldest times Mathematics has
been related, even motivated, by practical problems: arithmetics originates from the

'We have written about these subjects in [33].

2In the story that follows the names of Galileo and Newton are accompanied by other eminent
mathematicians, some of which will be assigned a prominent role in the narrative. Such a selection
has been useful to set the main hits and to get to know the heroes of our private adventure, but
is no doubt unfair from a strictly historical point of view with personalities like Fermat, Leibniz or
Gauss, and we want to make it clear at this point. We hope to be excused because of the brevity of
the text (the famous narrow margin referred to by Fermat) and also because the purpose we have
in mind is not the history of science.

3Newton’s opinion on his predecessors in a letter to R. Hooke, 1675: “If I have seen farther than
others, it is by standing on the shoulders of giants”. I have endeavoured to include in the text and
notes some of the most celebrated phrases of mathematicians and scientists about Mathematics and
its application.



activities of counting and adding, geometry stems from measuring lines, surfaces and
bodies. But it is also true that Mathematics as a logico-deductive science, just as
it was elaborated and bequeathed to us by the Greeks from Pythagoras to Euclides,
had a net intellectual, we could say ideal, base that it has always conserved since then
and that is a fundamental part of pure Mathematics, that is to say, of Mathematics
in itself. This intellectual process lives in its own world and does not owe anything
of its merit or beauty to the possible utility or practical application, not more than a
poem or a painting do. An easy and frequently made syllogism would lead from here
to conclude that the authentic Mathematics lives essentially alien to the adventure of
science and technology. We contend that this syllogism is false by a great deal, even
if it has been sustained by many mathematicians, and we will make our case clear
in what follows by using opinions of famous scientists, but mainly by presenting a
record of factual evidence. Indeed, History shows us that the symbiosis with Science
and Technology has been fundamental and fruitful and that Mathematics owes a great
deal of its present being and of its main topics to its adventure companions, and
conversely the latter to the former.

As is well known, modern Science appeared in Europe at the end of the Renais-
sance. It is not based upon Mathematics alone. The fundamental pillar of the building
in germ was aptly formulated by the English philosopher and politician Francis Bacon
circa 1620 and consists of the experimental method*. Nature becomes the preferential
object of philosophical investigation, we should learn to read and to understand it,
and eventually to control it; observation is the means for comprehension and exper-
iment is the test of our predictions. The sciences were formed around this method,
first Physics, then Biology, Geology, Chemistry and so on.

Mathematics is, since the very beginning, the other pillar of the sciences. It was
Galileo GALILEI (1564-1642) who pointed out in the clearest form that course for the
budding sciences at the beginning of the XVII century. His is the famous quotation
taken from his letter “Il saggiatore” (The Assayer, 1623)
that we reproduce in detail: “Philosophy is written in
that great book that stands constantly open to our gaze,
the Universe, but it cannot be understood unless one
first learns to comprehend the language in which it is
written and its characters. It is written in the language
of Mathematics, and its characters are triangles, circles
GALILEO GALILEI and other geometrical figures,...”.

Galileo was of course a committed defender of the experimental method, to which
he contributed his famous astronomical and mechanical observations °. The attitude

4The inductive method is presented in his work Novum Organum or New Instrument, 1620.
SHe wrote down his ideas on Physics, Mathematics and Engineering in the book Discourses and



of Galileo had precedents, the most remarkable being as we said Pythagoras and
Archimedes in the Ancient Times and Leonardo da Vinci (1452-1519)% a century
before, but his formulation was determined and put to practice, and it happened
in a suitable historical context; it eroded the bases of aristotelism and Scholastics
dominant until then in the intellectual world. It bore fruit in a short time and the
scientists see themselves reflected in it.

Indeed, philosophies are a small thing if they remain words and polemics, if they
are not carried out. The glory of the XVIIth century resides in a series of great
philosophers-scientists (called at that time natural philosophers), who, without for-
getting metaphysics, threw themselves determinedly to the pursuit of the knowledge
of Nature and of mathematical invention: René Descartes studied the principles of
reasoning, as well as mechanics and the universe; he tied geometry to algebra and
wrote “The Discourse of the Method””; Blaise Pascal wrote his “Pensées” but also
investigated the principles of fluids (like pressure), geometry, calculus and probabili-
ties. And so did Pierre de Fermat, Edmond Halley, Christiaan Huygens and Gottfried
W. Leibniz, a most renowned mathematician and philosopher.

We are ready to meet one of the crucial characters and moments in the history of

science. Indeed, the century reaches its culmination with the figure of Isaac NEWTON
(1642-1727), who shows the incontestable success of
Galileo’s proposal as applied to mechanics. He attacks
the basic problems debated during the century and
(i) concludes that the movement of solid bodies follows a
simple mathematical law that relates the second deriva-
tive of space to an invisible but real entity, the force. In
mathematical words, F = ma;
(ii) upon applying this theory to the heavenly bodies, he
concludes that they move along their orbits in agreement
with the law of universal attraction. In formulas, F' =
IsaAc NEWTON Gmm' [r2.

mathematical proofs concerning the two new sciences, written in Florence before 1633 but only
published abroad in 1638 after the problems with the Church. The two new sciences are mechanics
and the science of motion. In 1995 the space probe Galileo reached Jupiter and with it the 4 planets
discovered by him in 1610.

6The interests of Leonardo, a truly universal genius, cover painting and sculpture, engineering
and architecture, Physics and Mathematics. Scientist and visionary, he drew the plans of a flying
object (forerunner of the helicopter) and coined the term turbulence. Here is a relevant quotation
from Leonardo: “No certainty exists where it is not possible to apply the mathematics or in what
cannot be related to mathematics”.

"Le Discours de la Méthode, Leiden, 1637, a capital work in the history of science. His work Les
Météores is considered to be the first attempt to put the study of weather on a scientific basis.



In order to mathematically support the movements resulting from these laws he
discovers what we know as infinitesimal calculus and solves differential equations.
Moreover, the very formulation of his laws is not possible without the new concepts
taken from Differential and Integral Calculus, that carries the names of Newton and
Leibniz, and was invented by combining the intuitions of mechanics and geometry. 8

In 1687, when his monumental work, the Principia, is published®, Mechanics
is solidly founded upon the same bases it still has. Mathematics is not only an
indispensable tool, it is the language in which Science is conceived and expressed,
this is the reason of the book’s title. From that moment on, the description of the
dynamics and evolution of mechanical systems are an essential part of Mathematics.
An enormous period of development follows during which Mathematics tries to fulfil
this new fundamental role.

Newton is generally considered the most influential scientist in the history of
mankind, cf. [29]. Let us provide some additional data in order to better understand
the greatness of his legacy. If to his credit we may list the foundations of Mechanics
and Astronomy, of Differential and Integral Calculus and Differential Equations, he
also studied the nature of light, laid the foundations to Optics and contributed re-
markable technical advances, like the refraction telescope. On top of this, he studied
the fluids that are today called Newtonian, explained the operation of tides, computed
the velocity of sound (and was also interested in Theology, Alchemy and Astrology)*.
His prestige among his contemporaries was enormous and the most brilliant philoso-
phers of the XVIIIth century (Hume, Kant, Voltaire!!) studied his work and thought
about expanding his fabulous success to all fields of philosophy, a task that turned
out to be of a higher difficulty. Indeed, we are still busy with it.

The immensity of the task of understanding Nature did not escape a penetrating
person like Newton, with all his success. One of his most celebrated opinions runs as
follows: “I do not know what I will look like to others; to myself, I seem to have been
only like a boy playing on the seashore, and diverting myself in now and then finding
a smoother pebble or a prettier shell than ordinary, whilst the great ocean of truth
lay all undiscovered before me”.

8In placing Newton in proper perspective we have to combine his mathematical formation with
the astronomical knowledge he inherited from Tycho Brahe, Johannes Kepler and Galileo.

9 Philosophiae Naturalis Principia Mathematica, London.

10He was quite confident in his powers. Here is a quotation from Principia: “From the same
principles, I now demonstrate the frame of the System of the World”.

1Tt is worth remembering that the Principia were translated into French by the friend of the
latter, the Marquise de Chételet, with his collaboration, 1756. She is described in Encyclopaedia
Britannica as “Gabrielle-Emilie Le Tonnelier de Breteuil, Marquise du Ch., French mathematician
and physicist who was the mistress of Voltaire”, and only in the article her many accomplishments
are described.



3 The XVIIIth Century, the century of reason and
lights

During the following three centuries, a part of that ocean has been filled with truth,
science and Mathematics. Science and Technology, the basis of the Industrial Revolu-
tion, have advanced with theories, reasoning and experiments. As a consequence, the
society of the XXth century has changed more radically with respect to the XVIIth
century than anything that had happened in several thousand years before, since the
onset of the great agricultural civilizations. The comfort of house, transportation and
communications, and the health of the present-day citizen rest upon technical bases
completely unknown to the people of the XVIIth century.

Starting with G.W. Leibniz, a great philosopher and Newton’s rival in the famous
and a bit sad “dispute of the Calculus”, a series of brilliant mathematicians (we
would say physicist-mathematicians), like the Bernoulli family, Euler, D’Alembert,...
exploited the potential of the new Calculus and formulated mathematically all types
of mechanical problems: shooting problems, problems concerning the fall of bodies,
the motion of fluids, mechanical vibrations, minimization,...

Infinitesimal methods are likewise powerful in their application to geometry, a
discipline that lives in close symbiosis with mechanics. Scholars study the Calculus
of Variations, a name for the calculus of minimum values of so-called “functionals”,
that will bloom in the XXth century as a fundamental topic of Functional Analysis,
by then not even foreseen. Jean Le Rond D’Alembert!? studied the vibration of a
string and wrote the wave equation, that led him to decompose a function into a sum
of elementary waves, a task also undertaken by Leonhard EULER (1707-1783) who
carried out the decomposition into a possibly infinite sum of sinusoidal functions.

Euler is perhaps the most prolific mathematician in his-
tory, he made fundamental contributions to Geometry,
Analysis and Number Theory, but also to the differ-
ent branches of Mechanics, Elasticity, Hydrodynamics,
Acoustics, and even Music. His Latin is not difficult and
his textbooks can be read today with profit and pleasure
(preferably after translation!). He lived a great part of his
EON AR EULER life in St Peterburg, so he is credited with the foundation
of Russian Mathematics, together with Daniel Bernoulli.

The problem of infinite sums will worry mathematicians in the near future, but not
in these moments of discovery and euphoria, and even less L. Euler whose intuition

125, well-known representative of the French Illustration, who combined its brilliant mathematical
career with the edition of the famous Encyclopedia, together with iderot



seems to know no limits.

Some of the glories and griefs of Mathematics as the language of Mechanics can
be observed in the study of fluids. A systematic theory escaped even the genius of
Newton. Indeed, the most difficult aspect of this theory consisted precisely in finding
the exact mathematical hypothesis that permit to build a mathematical model, i.e.,
to mathematize it ust as it really is 3. Toward the year 1738 Johann and Daniel
Bernoulli establish the theoretical science of Hydrodynamics on the idealized basis of
the so-called perfect wids. The study is continued by Euler, who writes the famous
equations (1755)

(— ) =0 =0

(in today’s notation) whose analytical solution turns out to be intractable at the
time'4. Moreover, D’ Alembert exposes the limitations of the idealization implicit in
the concept of perfect fluid by showing that a solid obstacle submitted to a “perfect
wind” would suffer no net drag and no net lifting force. This happens because the-
oretical mechanics does not deal with Nature, that escapes in its pure essence our
curiosity, but it rather deals with the mathematical model that we are able to form
about it. Experimental agreement allows us to confirm that a theory is good as a
model of the physical world, but never that it is perfect!s.

In spite of the relative failure with the fluids, a feeling of optimism invades the
minds of the best mathematicians - mechanicians at the end of the century, like Joseph
Louis Lagrange or Pierre Simon A LACE. The latter publishes his monumental book

“Mécanique céleste” (1788). He is also the author of the
“Théorie Analytique des Probabilités”, 1812, a most im-
portant reference in the development of probability the-
ory. Based on his mechanical studies he thought that
the universe functions like a clock (determinism) and de-
clared that the most important mathematical problems
were already posed and solved, or about to be solved in
a short time. Fortunately, History would prove the great
man wrong on these issues. Does this bring to our minds
recent heated debates about the end of Physics or His-

IERRE A LACE 2
tory*

13we recall here Newton’s saying about his mechanics: h potheses non ngo, I do not invent the

hypothesis or axioms.

and they keep some of their mystery today: the existence of classical solutions given smooth
initial data in 3 space dimensions is still an open problem.

5we will return to this subject when speaking of Einstein.



The XIXth century, the great century of cience

The contribution of the XIXth century to Mathematics, both pure and applied, is
surprising by its novelty, by its richness and multiplicity of topics, and by its very
unexpectedness. Let us begin our review with the Mathematics that came from
Physics.

ELECTRICIT AN A NETIS  From Michael Faraday to J.C. Maxwell, ex-
periments and partial laws cover a road that counts the names of Gauss, Ampere,
Biot, Savart, Lenz, ... till we arrive at the system of partial differential equations that
relates the electric and magnetic fields (1863), the work of James Clerk A WELL'®

Maxwell’s equations are one of the major achievements
of Mathematics in the 19th century. Thanks to J.C.
Maxwell the new branch of science, whose existence was
unsuspected a century before, reached the level of mathe-
matical perfection which Newton accorded to Mechanics.
As a consequence, the wave equation is the tool that al-
lows us to describe the propagation of electro-magnetic
phenomena in the form of waves characterized by three
parameters: first, the amplitude; second, the speed that
depends on the medium (and is therefore constant in the
vacuum); third, the frequency of oscillation, a variable. In short,

A ES A WELL

= 2 = cos( )

where =/ is called the wave number. Do we need this formula to proceed?
The answer is yes, since soon afterwards, and as reflection of the generality of the
parameter in the mathematical model, Heinrich R. Hertz predicts and discovers
electro-magnetic waves out of the visible range (radio waves, 1888), and Guglielmo
Marconi discovers wireless telegraphy, that is to say, the radio (1895), introducing
us to the world of communications, which is the soul of the XXth century. On the
other hand, an incompatibility appears with Newton’s mechanics, about which we
will speak in a moment. Let this be said about the consequences of the mathematical
formulation in the evolution of science.

6 publication in final form in reatise on lectricit and Magnetism, 1873. Maxwell is consid-
ered the major theoretical physicist of the I th century, Einstein sustained that Maxwell’s work
represented the most significant revolution in the study of physics since Newton. The theory of
wave propagation is one of the classical branches of applied mathematics nowadays in its multiple
variants. n excellent mathematician, Maxwell was an advocate of the probabilistic approach to
Science, which he applied to the study of gases, and is credited with saying that “the true Logic for
this world is the Calculus of Probabilities”

10



E REAL LUI S, from Claude Louis Navier to George Gabriel Stokes, from
1821 to 1856, and later. The Navier-Stokes equations describe real fluids and they
govern the behavior of atmospheric phenomena (climate, meteorology, hydrology,
the future aeronautics). The correct formulation of the equations describing the
movement of real fluids took therefore some 180 years, after the attempts by Newton.
A brilliant series of mathematicians figure among the modelers, like S. Poisson and
J. C. Saint Venant, as well as the medical doctor J.L.M. Poiseuille, who investigated
the blood flow. Lord Kelvin and H. Helmholtz set the bases for the mathematical
study of vortices and turbulent fluids, already mentioned by Leonardo, but the full
mathematical understanding of the latter is still an open problem.

In order not to extend our text excessively we will only mention two further
physical theories of great mathematical significance:

ER O NA ICS, which studies the exchange of heat, acquires solid math-
ematical foundations with James Joule, Saadi Carnot, J.R. Mayer, ... It has strong
influence on the calculus with partial derivatives and the concept of exact differ-
ential. This theory includes the famous Second Law of Thermodynamics (law of
entropy growth in the universe), a fundamental law in science. While its mathemati-
cal statement is simple, its practical interpretation has deep implications and puzzles
generation after generation of scientists!”.

Finally, let us mention TATISTICAL EC ANICS, associated to the names of
L. Boltzmann and W. Gibbs!®, who carved a branch of Mathematical Physics on
the basis of the calculus of probabilities, a discipline that had remained very much
at the margin of this scientific adventure!®. Indeed, the mathematical idealization of
chance had been elaborated in the fabulous XVIIth century (ca. 1650) by B. Pascal, P.
Fermat and C. Huygens to understand games of chance, and advanced later by Buffon,
Bernoulli and Laplace among others. Suddenly, the concept of probability acquires a
life of its own in Physics when attempting to model the behavior of huge quantities of
particles??. This is why the need arises: particles obey of course Newton’s mechanical
law, but given that Avogadro’s number?! is so huge, approx. 6 1023, it is absolutely
impossible to follow individual particle trajectories. Statistical mechanics proposes
an average behavior with surprising effectiveness: the prediction of the relationship

7with unsuspected consequences: entropy is nowadays a central concept in the Information The-
ory after the work of C. Shannon, 1948.

Bnot to forget Maxwell, cf. the Maxwell-Boltzmann distribution.

9Boltzmann’s tomb in Vienna has as sole ornament the entropy formula of statistical mechanics

log

20This was not a trivial step. Boltzmann relied on his belief in atoms, a view strongly opposed at
the time by famous scientists like E. Mach.

2lthat measures the number of molecules of a gas per unit volume (22.4 1) under normal temper-
ature and pressure conditions.

11



between temperature and energy and pressure for a perfect gas is immediate!

We change the scene to portray another of our heroes, a “exemplary life”, Bernhard
IE ANN (1826-1866), one of those surprising figures whose work contains the best
of pure and applied mathematics. The great German

mathematician, who died quite young, is well known

as a giant of pure mathematics. He bequeathed to us

the hypothesis about the zeros of the “ eta function”

( iemann s Hypothesis) whose proof is considered to be

the most famous open problem of Mathematics upon

entering the XXI century, after the recent solution of

Fermat’s conjecture. The Riemann hypothesis asserts

that all interesting solutions of the equation () = 0

lie on a straight line in the complex plane, precisely

at () = 1/2. This has been checked for the first

1,500,000,000 solutions. A proof that it is true for every

integer solution would shed light on many of the myster-

A A . . c L. . .
ERN AR B ANN S eg surrounding the distribution of prime numbers.

Riemann was a scholar with a geometrical mind who thought of complex analysis in
terms of conformal transformations and had the vision of general spaces of several
dimensions defined in terms of their local geometry?2. Today we call them ieman
nian geometries and they are the foundation upon which theoretical physics is built.
Now, the same Riemann studied the propagation of compressible gases and arrived
at the conclusion that the mathematical model?®, understood in the sense of classical
solutions, is contradictory (because it predicts characteristic lines that intersect each
other, so that on them the physical variable would take on several values simultane-
ously). However, he ventured that the theory was correct if the point of view were
radically changed; as solutions of the differential equations we must admit functions
that are not differentiable, not even continuous. Such boldness, so typical of the
best Mathematics of the XIXth and XXth centuries, reminds us again of Newton:
Riemann was not “inventing” a theory. The theory of shock waves is today a funda-
mental topic in gas dynamics with its application to Aeronautics, and is therefore one
of the most active areas of mathematical research in partial differential equations, ...
and engineering.

e ol tio But, even after mentioning Riemann, the present vision would
be totally inaccurate if it did not take more explicitly into account the internal evo-
lution of Mathematics, that had by then attained a high level of maturity. We will

22his famous article On the h potheses which lie at the oundations o Geometr ,in German e er
die  pothesen welche der Geometrie u Grunde liegen, 1854, published in 1868.
233 nonlinear system of partial di erential equations of hyperbolic type.

12



comment only briefly on this issue since it is better known by the mathematical pub-
lic. The following are some of the star topics. Many of them appeared unexpectedly,
but they were meant to have a brilliant future. Let us mention non-Euclidean ge-
ometries by J.C.F. Gauss?*, J. Bolyai and N.I. Lobachevski, the rigorous foundation
of Infinitesimal Calculus by Augustin L. Cauchy, the theory of functions by Karl
Weierstrass, mathematical logic by George Boole and followers, set theory by Georg
Cantor, where we mention only a relevant name next to each chapter.

There are research fields in which Mathematics clearly takes the relay from Physics
in the task of extracting the substance contained in a concept. This happens with
the problem of representing a function as a sum of simple functions, solved by Brook
Taylor and Colin McLaurin for sums of powers and posed by Daniel Bernoulli (1753)
and Leonhard Euler for trigonometric sums as they appear in the wave and heat equa-
tions. Thanks to the insistence of Joseph Fourier (1822)?® mathematicians enlisted
in the adventure of giving a sense to general infinite sums of trigonometric functions,

()=

2 cos( ) sin( )

2 1

This is the origin of a major area of the theory of functions, known as Fourier analysis.
The task fraught with ba ing difficulties and great successes. Thus, when Paul du
Bois Raymond constructed (1873) a continuous and periodic real function whose
Fourier series does not converge at all points it seemed that something was quite
wrong with the mathematics of wave analysis. On close inspection three options lay
open to the researcher: (i) modify the notion of function, (ii) modify the definition
of convergence, (iii) replace the basis of sine and cosine functions by better-suited
candidates. It is to the credit of mathematicians that all three courses have been
pursued with amazing sucess. The fundamental theorem about summation of Fourier
series is due to Lennart Carleson, 1966%°, and needs almost everywhere convergence,

2 spaces and the impressive analysis machinery developed in the XXth century?’.

OCIAL ONTE T It may be interesting to say some words on the social evolution of
Science in the XIX century. This is the century in which the bourgeois, industrial and
democratic revolutions take root in Europe, bringing along the extension of scientific

24the “Prince of Mathematicians”.

25article of 1807, memory presented to the Paris cademy of Sciences and published in 1822.

26 On convergence and growth o partial sums o ourier series, cta Math. 116 (1966), pp. 135
157.

2"Here are two quotations from Fourier that will help kindle the debate on Pure versus pplied
Mathematics: The first is “The di erential equations of the propagation of heat express the most
general conditions, and reduce the physical questions to problems of pure analysis, and this is the
proper object of theory”. Now the second one: “The profound study of nature is the most fertile
source of mathematical discoveries”.
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and industry-related studies in universities and in other specialized centers?®. That
development enlarged exponentially the body of professors and researchers. The
advances are so impressive that at the end of the century we find again a frank
optimism in the mathematical opinion, if we for instance let ourselves be led by the
history written by the German geometer Felix Klein?®. Another characteristic of this
period is the deep separation taking place between mathematicians and physicists and
engineers, a consequence of the enormous growth of their respective fields of study.
Such a separation will have serious consequences on the evolution of Mathematics in
the XXth century, and even on the very concept of Mathematics.

n agitated turn of the century

In any case, the turn of the century is spectacular in Physics as in Mathematics. Two
extraordinary figures appear in the mathematical arena, Henri OINCARE (1854-1912)
and David ILBERT (1862-1943). They make a deep imprint in the Mathematics of
the XXth century. But a great part of the retrospective brilliance is due to the fact
that the turn of century was a time of crisis, since the evidence of phenomena that
did not fit into the “great explanation” at hand kept mounting.

ENRI OINCARE Al ILBERT

The experiment of Michelson-Morley (1887) showed that the speed of light is
really constant, as predicted by the wave theory based on Maxwell’s equations. The
mechanical model of the world of Euclides-Newton sees a first crack.

The movement of particles suspended in gases reveals a highly irregular move-
ment, the Brownian movement (Robert Brown, 1827). This is a blow for Euclides’ ge-

28the first Engineering Schools in Spain appeared in 1834.

29 Lectures on the development o mathematics in the th centur . Here is a significant quote
from Klein: “The great mathematicians like rchimedes, Newton or Gauss always united theory
and applications in equal measure”.
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ometry based on points, straight lines and smooth curves (at least piece-wise smooth).

The surprises of the theory of functions lead to the Theory of Sets (Georg
Cantor) that together with Logic (George Boole, Gottlieb Frege, Giuseppe Peano)
form the basis in the attempt to provide rigorous foundations to Mathematics once
for all. Mathematics proposes to Science the concepts of consistent and complete
theory. Disputes and different schools arises: logicism (Alfred N. Whitehead and
Bertrand Russell®®), intuitionism (Luitzen Brouwer), formalism (D. Hilbert). The
paradoxes sow a notable chaos in less strong spirits.

No efficient analytical or computational tools are available to tackle the com-
plexities of the equations governing continuous media, like fluids. Consequently, the
practical Mathematics of engineering plunges into a series of approximations and rules
that divorce them from the theory.

Even the classical questions of the general integration of the equations of move-
ment for three or more (heavenly) bodies turns out to be impossible3!. Big problems,
big remedies: H. Poincaré proposes the qualitative methods and opens the doors to
algebraic geometry and topology (called then Analysis Situs, 1895). But, at the time
he discovers with his theoretical methods the tremendous complexity hidden in the
mathematical model (i.e., the dynamical systems). These monsters are called homo-
clinical orbits and they will infest with chaos the whole body of celestial mechanics
when Poincaré is finally well understood (this took several decades). In order to mea-
sure the stature of our hero the following quotation could be useful: “in his courses
at the Faculté des Sciences de Paris since 1881, and later at the Sorbonne since 1886,
Poincaré changed subject every years, touching upon Optics, Electricity, Astronomy,
the equilibrium of fluids, Thermodynamics, Light and Probability”.

We end this summary with some optimistic notes. Thus, the theory of in-
tegration of functions is crowned in the works of E. Borel and H. Lebesgue. Now
Calculus possesses a concept of integral where the process of taking limits is natural.
Functional Analysis is born (Hilbert spaces) and the famous Dirichlet Problem has a
solution (in a sense seen then as quite unusual). The price to pay is the construction
of a sophisticated mathematical theory that students of science and engineering must
absorb, or at least learn to live together with, paraphrasing J. von Neumann.

Main discoveries of a mathematical nature occur in other sciences and will bear
fruit in the next century. The Russian scientist Dmitri I. Mendeleev found order in
the chaos of chemical elements and proposed the Periodic Table in 1869, the basis
of today’s physico-mathematical treatment of Chemistry. On the other hand, the
Austrian monk, botanist and plant experimenter Gregor J. Mendel formulated the

30their famous book Principia Mathematica dates from 1910.
3las exposed by H. Poincaré in his book Méthodes nouvelles o the mécani ue céleste Paris, 1899.
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rational laws of inheritance, thus laying the mathematical foundation of the science
of Genetics32.

The XXth century, a century of wonders

At this height, we expect to have impressed upon the reader a feeling of the deep sym-
biosis of Mathematics with Physics, of their surprising and in many cases unexpected
interactions. By this time this symbiosis includes advanced technological applica-
tions, a prelude of what the new century will be. The explosion of Mathematics and
Science in the XXth century makes it avisable to reduce our text to some of the most
important items. One of the first characteristics that stands out is the progressive
mathematization of other sciences, which makes them appear as new horizons for
Applied Mathematics.

e Mathematics that came f om hysics

E EOR O ELATI IT . Albert EINSTEIN, the Man of the Century
according to ime magazine (year 2000), proposed the two versions of relativity in
19053 (special relativity) and in 1916 (general relativity). It will be small surprise to
the reader if we say that in both cases it is a matter of an in-depth reflection upon
the Mathematics that lie at the basis to Physics. Special relativity has as precursors
Lorentz, Poincaré and Minkowski, who studied the invariance group that corresponds
to the new geometry of space-time. General relativity uses the geometrical concepts
that Riemann elaborated more than a century earlier as a pure

thought exercise upon “hypotheses which lie at the foun-
dations of Geometry”, and that were developed by the
Italian differential geometry school of Ricci, Levi-Civita
and Bianchi. Relativity was destined to be a great ball-
game for differential geometry in the XXth century. We
go from Einstein’s equations to the Big Bang and to
black holes (Oppenheimer and Snyder, 1939; Penrose and
Hawking). All can be seen as an exercise of pure math-
ematics building a model for a branch of Physics. It is
befitting however not to forget the other face of Rela-
tivity: since the first experimental confirmation by A.
Eddington in 1919, an incessant number of experiments
ALBERT EINSTEIN have served to confirm (or rather, with Einstein’s mod-

32 ersuche u er P an enh riden (Experiments with Plant Hybrids), published 1886.

331905 was the annus mira ilis for Einstein. In three separate papers he explained the photoelectric
e ect, Brownian motion and the theory of relativity. It is unlikely that such a feat will be repeated.
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esty, not to refute) the theory of Relativity. Indeed, hypotheses are not invented in
the real science3*.

Let us pause to take a look at some of the main formulas. In September 1905 Ein-
stein published a short paper in which he proved the fundamental formula =m 2
about the mathematical equivalence of mass and energy, which has become a classic in
the popular culture of the XXth century. On the other hand, the transformation laws
of Special Relativity that replace the Galilean transformation laws at high relative
velocities, known as Lorentz transformation laws, are:

1 ' I
2

where the constant is called the time dilation factor. It depends on the relative

velocity and is given by the expression: =1/ 1 ( 2/ 2). Consequently, the
addition of velocities follows the surprising rule

1 I
very much against what we were used to believe (i.e., = ' ). On the other hand,
Einstein’s most recognized formula is of course = m 2, the equivalence of mass
and energy, which forms with Planck’s quantum formula = the new vision of

energy at the beginning of the century. Precisely, quanta are our next subject.

UANTU EC ANICS. The second magical tour®® takes us from Max Planck’s
Hypothesis of the uanta, 1900, to the Schrodinger Equation (Erwin Schr., 1926)
passing by Niels Bohr, Louis de Broglie, Max Born, Werner Heisenberg and Paul
Dirac. The door to the atomic world is coded in the marvelous equation

2

T om
where is the reduced Planck constant, = /2 , = 1, is the Laplacian
operator and = ( ) is the potential. All this may really seem like a piece of
Kabbala, and at first the experts discussed heatedly about the meaning to be given

34Here is a significant opinion of Einstein on the role of mathematics: “Mathematics deals exclu-
sively with the relation of concepts to each other without consideration of their relation to experience.
Physics too deals with mathematical concepts however, these concepts attain physical content only
by the clear determination of their relation to the objects of experience”, in he theor o elativit |
1950. Einstein’s opinions are all the more interesting since, contrary to other outstanding figures in
the history of Physics, like Newton or Maxwell, he was not himself an outstanding mathematician,
at least technically. He left however an impressive legacy to Mathematics through his theories.

35 quotation in homage to “The Magical Mystery Tour”, Lennon and McCartney, 1967.
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to the variable ( ) called “wave function”. Such is the power of Mathematics,
these great physicists had found a piece of the Mathematical Code of the niverse but
did not know how to interpret the cipher. In 1928 the probabilistic interpretation was
proposed by Max Born, where 2 is the probability density of finding a particle at the
location ( ) at the instant , and this is widely accepted, not without resistance,
following Einstein in that®. Because uantum Mechanics is a fundamental challenge
to the previously admitted way of looking at the world, to traditional determinism
and causality. We may say that Determinism is based on the assumption that “the
exact knowledge of the present allows the future to be calculated”. Is it not that the
dream of the exact sciences, and does not uantum Mechanics subvert that belief?
Pondering on the issue, W. Heisenberg found in 1927 the following answer: “not the
conclusion [of the deterministic assumption|, but the initial hypothesis is false”.

Leaving the world of interpretations aside, we must report that this theory, based
on the maximum level of mathematical idealization, will be confirmed by a century
of experiments. Its magical part has a stellar moment when Paul A.M. Dirac, using
the relativist formulation, proposes the existence of a particle, called today positron
(1932), because “the equations admit the sign change with respect to the solution
describing the electron”,...and the positron was duly discovered®” by experimental
physicists shortly afterwards (Anderson and Blacket, 1932-33). Dirac predicted the
existence of the antiproton that was confirmed by Segre in 1955, and also of the
magnetic monopole, but this time existence went without confirmation up to the
present day. Dirac’s predictions are a remarkable example, in no way unique, where
mathematical modeling goes ahead of the experimental evidence®®. Does this remind
us of Hertz?

The mathematical harvest is not scarce: the theory of self-adjoint operators in
Hilbert spaces with the corresponding spectral theory were developed by John oON
NEU ANN (Janos v.N., 1903-1957), one of most versatile geniuses of the century3?,

36his famous comment: “God does not play dice”.

37should we said found or recognized

38 n the other hand, science based solely on mathematical arguments or analogies can be wrong
science. Thus, there is strong mathematical tendency to assert that in the realm of particles certain
mathematical symmetries are “laws” of nature.  telling counterexample is provided by the law of
conservation of parity that specifies that elementary particles and their mirror images must behave
identically in 1956-57 three sino-americans T. . Lee, C. H. ang and C. S. Wu conjectured and
proved that there are subatomic processes that violate that law.

393, von Neumann, Mathematische Grundlage der wuantenmechani “Mathematical Foundations
of uantum Mechanics”, Springer, 1932. Von Neumann’s trajectory travels through the most diverse
areas of Mathematics, pure and applied: in his youth he modified the F set theory, he creates the
v.N. algebras in operator theory, he is the father of Game Theory and we will see him later at
the Institute for dvanced Studies in Princeton as one of the fathers of the first modern computer.

fter the war he was busy with hydrodynamics, numerical methods (Monte Carlo, stability for finite
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with the purpose of giving sense to the operators that

appear in the Schrodinger equation, Laplacians and the

rest. He is based on the work of S. Banach and the Ital-

ian experts in the Calculus of Variations, but uantum

Mechanics has its whims: it needs some sophisticated

mathematical objects, so-called “unbounded linear oper-
NEU ANN ators in Hilbert spaces”.

We are therefore at the edge or beyond the syllabus of undergraduate Mathemat-
ics. This is interesting information for those who claim that all useful mathematics
is necessarily easy®. Together with the Calculus of Variations, uantum Mechan-
ics has been a continuous source of problems for Functional Analysis, a branch of
Mathematics that takes on its own flight.

Mathematics that came f om iei

AERONAUTICS. After the impressive advances of Mathematical Physics in the
XIXth century, and in particular of fluid mechanics, it could seem that the old prob-
lem of flight, that had already occupied Leonardo da Vinci, had to be solved for
good. And the experiments with balloons had been conducted with success a century
before*'. Moreover, the theory of complex variables and of potential and vortex flows
had obtained remarkable progress. But with all this progress, real propelled ight
was not understood nor practiced and a discouraged W. Thomson Lord Kelvin rec-
ognized towards the end of the century that the dream of propelled flight was maybe
impossible*2. Then, and after a number of partial successes in different countries,
the experimental method is vindicated by the brothers Wilbur and Orville Wright,
manufacturers of bicycles and accomplished experimenters with no academic training.
They were able to fly a propelled artifact in the inhospitable beaches of Kitty Hawk,
North Carolina, in the morning of December 17, 1903. An Engineering discipline is
born, Aeronautics. The reaction of the scientific community was immediate and up to
the challenge. During the period 1905-10 the main mathematical ingredients missing
in the theoretical model were understood (L. Prandtl, M. Kutta, N. E. hukovski, S.A.
Chaplygin). They deal with the concepts of sustentation, circulation, boundary layer,
separation, laminar and turbulent regime. In 30 years the new scientific discipline

di erence schemes), the theory of automata, ...

407 refer specifically to the opinions of the famous English mathematician G.H. Hardy in his book
Mathematician s apolog , citeHa, that reflects very di erent points of view from the ones maintained
in this article, cf. specially his section 26. It is a well-known book, of great interest, but time does
not seem to have proven the author right. It is to be considered that in 1940 the practical relevance
of sophisticated theories like uantum Mechanics could very well not be clear, as it is today.

41 Brothers Montgolfier, 1783.

42 “heavier-than-air flying machines are impossible”, he said in 1985.
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carries us beyond sound barrier. And with this discipline new branches of applied
mathematics see the light, such as the theory of singular perturbations, the theory of
supersonic and transonic flows and the mathematical theory of combustion®3.

We restrain here from listing other branches of Engineering that have had a sim-
ilarly active interaction with Mathematics, but see Section 8.

eat e scomi f om Mathematics

Mathematics have lived throughout the XX century quite focused on the internal
development of the ideas received from the fabulous previous century. Fortunately,
the always difficult and generally failed attempt to predict the main lines of the
future has an exceptional counterexample in the famous proposal by D. Hilbert at
the II International Congress of Mathematicians, celebrated in Paris in 1900. Hilbert
summarized in 23 problems the main challenges faced by Mathematics, going from
the most theoretical aspects of pure mathematics to the problems of mathematical
physics**, cf. reference [13]. Those 23 problems have been of great importance in the
course of the century, but other lines have come to complement them. Let us point
out three important developments among many others.

E CALCULUS O ROBABILITIES. It may look like an answer to the needs
presented by uantum Mechanics, but in reality it happened independently. In the
30’s Andrei N. Kolmogorov put in Moscow the foundations of axiomatic probability®®
upon set theory, and abstract measure theory is born. The names of P. Levy in France
and N. Wiener in the SA are usually associated with this discovery. We should not
forget the precedents: Boltzmann studied the Brownian motion and Einstein obtained
the Nobel Prize in 1921, not for the theory made him famous, but for his studies on the
photo-electrical effect and... on Brownian motion. Markov chains had been studied
since 1900 by A.A. Markov. Nowadays, the theory of Stochastic Processes is a main
area of this booming branch of Mathematics, and the Ito derivative and integral are
tools of continuous stochastical analysis to be compared to the classical infinitesimal
calculus of Newton and Leibnitz. All this developement was completely unknown,
even unsuspected, to older ages and it takes upon itself the task of informing us about
uncertain and random events and their probable outcome or evolution. It is not just
an academic pursuit, it has very important applications in scientific, industrial and
financial processes.

43More toward theoretical mathematics we have the mathematical theories of front propagation
and that of singularity formation, like blow-up for nonlinear di erential equations.

“4Though it must be said that these latter were relatively under-represented, and Hilbert worked
on the subject in subsequent years.

45His book Grund egri e der  ahrscheinlich eitsrechnung, “Foundations of the Calculus of Prob-
abilities” , was published in 1933.
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ETER INISTIC C AOS. The study of chaos generated by differential equa-
tions, already announced by Poincaré, whose Mathematics had matured thanks to
the efforts of different mathematicians, especially G. Birkhoff, had to wait for the
work of a physicist devoted to the study of weather to acquire a dramatic impulse.
In effect, this merit is attributed to Edward Lorenz, from MIT 6. Interested in the
study of convective processes in the atmosphere, he proposed a very simplified model
consisting of three ordinary differential equations and I will not resist the temptation
of reproducing it for you

"= 10 10
"'=28
r_ 8

3

For this particular chioce of parameters he found to his surprise that the numerical
trajectories produced by the computer do not converge to a periodic solution. The 12
page paper dates from 1963. Deterministic chaos is born, along with strange attrac-
tors and a whole branch of Mathematics, at the beginning quite experimental, then
theoretical, a great novelty made possible by the advent of the computer. Authors
like S. Smale., D. Ruelle and M. Feigenbaum become world-famous*’. Objects like
the fractal sets of B. Mandelbrot*®, already announced in the work of G. Julia in the
1920’s, enter the scene. The study of fractal, chaotic and turbulent processes is one of
the border-lines of present mathematical thought, the relation of deterministic chaos
to natural chaotic and turbulent phenomena still being largely unknown.

NEW CONCE TS O SOLUTION IN I ERENTIAL E UATIONS Toward the
1930’s it was clear for many researchers that the concept of classical solution was not
sufficient to build a theory of differential equations for use in mathematical physics
which would satisfy the requirements of the applied science. In effect, it is natural
in this discipline to work with problems, i.e., with sets of equations and additional
data, and to require them to be well posed. Following J. Hadamard, this means that
such problems should have a solution, that this one has be to unique if sufficient
data are given, and finally that the solution should depend continuously on the data.
Now, it may happen that classical solutions do not to exist and this fact canin the
real science even be proved in a rigorous way, and even then the problem could
be reasonable from the physical point of view. Or it may simply happen that the
concept of solution whose existence turns out to be natural and simple to show is
not the classical concept. Faced with this challenge mathematicians have developed
a diverse set of notions of generalized solutions with physical meaning. A remarkable

46 Deterministic non periodic ow, J. tmos. Sci  (1963), 130 141.
47¢f. Tan Stewart, Does God pla dice ~ he New Mathematics o  haos, Penguin, London, 1989.
48¢f. B. Mandelbrot, he ractal geometr o Nature 2nd ed., San Francisco, 1982.
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example arises in Dirichlet’s problem of energy minimization already mentioned®.
Another basic example arises with Riemann’s problem of gas dynamics. et another
similar problem is tackled by J. Leray (1933) in the study of the solutions of the
Navier-Stokes equations for real (viscous) fluid in tridimensional space. Thanks to
the work of functional analysts (S.L. Sobolev, L. Schwartz, ...) the concepts of weak
solution and solution in the sense of distributions are developed to suit those needs.
Summarizing a great deal, the main idea is not to ask the solutions to possess all
the derivatives implicit in the equation, but rather to comply with a family of tests.
With the experts in conservation laws (P. Lax, O. A.Oleinik, S.N. Kruzhkov) we arrive
at the concept of entropy solutions, needed for gas dynamics where weak solutions
are insufficient. Entropy solutions of gas dynamics equations “solve” the differential
equations but may not even be continuous (and thus we recover the legacy of Riemann,
Rankine and Hugoniot and their shock waves).

In our days new concepts of solution appear to suit new needs, such as the viscos
ity solutions of M.G. Crandall, L.C. Evans and P.L. Lions. L. Caffarelli extends the
concept to the problems of phase transition or free boundary, in which the discon-
tinuity is a fundamental part of the mathematical setting. And the saga continues
with so-called mild solutions, semigroup solutions, renormalized solutions,...

One of the most striking aspects of these new concepts is their compatibility with
the numerical solutions produced by the discrete methods of numerical calculus. We
find thereby a surprising alliance of the abstract and the numerical concepts against
“the unflexibility of the classical concepts”.

Engineering and Mathematics in the last re o
lution of the century. Com uters and com uta
tional mathematics
The practical realization of the old dream of building a calculating machine takes
shape in form of the modern computer that originates from two sources, Technology

and Mathematics. Both combine towards a fabulous invention in the year 1946°.
From one side, we have the old project of the calculating machine, already thought

Tt deals with minimizing the energy integral 2 among all the admissible functions

() defined in a domain of the space, , and which take assigned values on the border of
dentoes the gradient of . The crucial question in order to envisage the correct solution, is
to decide what is understood under the label admissi le function. The answer motivates Hilbert
spaces.
50with this date I refer to the ENI C computer.
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of by B. Pascal®® and G. Leibniz in the XVIIth century®®, which owes so much to
Ch. Babbage at the beginning of the XIXth century, and finally is to be realized
in the XX century in an efficient form thanks to the progress of electronics: first,
the vacuum tube and then a line of impressive technical progress that leads to the
semiconductor, to miniaturization and the chip®®. But the computer is not born
as a passive calculating machine, it is born with a program. This is the legacy of
mathematical logic, from G. Boole with his algebra to the program of formalization
of Mathematics by D. Hilbert, that leads to Kurt Godel’s incompleteness proof in
1931%4, one of the absolute Mathematical Hits in the XXth century. Which in turn
provokes the interest of a mathematical genius, Alan

URIN (1912-1954), who translates the program of for-
malization to the language of machines ( n  omputable

Numbers, with an application to the ntscheidungsprob

lem, Proceedings of the London Mathematical Society,

1937), and invents, together with Alonzo Church, Com-

putability theory. All this happened years before a physi-
cal computer was to see the light. There follows a histori-

cal moment: the war effort, deciphering the German code

A URIN Enigma,... Enters von Neumann and ENIAC is built in

19465°. In the short period of 50 years we have seen the evolution from huge machines,
that could handle kilobytes to megabytes, to the personal computer with capacity of
several gigas and to the World Wide Web. Duality in the computer world continues

in the form of the couple Hardware and Software?®.

E CO UTATIONAL WORL A NEW WORL OR AT E ATICS The computer
world is changing little by little the daily life of the citizen: banking transactions,
electronic mail, ticket reservations,... Its effect upon Mathematics, less known by the
general public, is even more dramatic. On the one hand, new branches appear like
theoretical Computational Mathematics, or the theory of automata and formal lan-
guages. But all branches of Mathematics, pure and applied, are affected by the sudden

5lhis machine a calculer, the Pascaline, is famous.

52Leibiniz thought in the direction of algebra and symbolic logic. Recent investigations indicate
that the first of such calculating machine is due to a German, Schickard, 1623

53the integrated circuit was invented by R. Noyce and J. Kilby in 1958

54the incompleteness of formal systems, was published in e er ormal unentscheid are aet e der
Principia Mathematica und verwandter  steme, “ n formally undecidible propositions...”.

55Mention should be made of the English Colossus, 1942, and the German 1to 4 machines, cf.
ref. [18]. ENI C appears as a calculating machine with three characteristics: electronic, digital and
programmable the two latter are directly related to mathematics.

56Personal computers appear in 1977 and, against the predictions of the gurus, have taken up the
scene, thanks no doubt to the impressive progress of hardware: a chip may contain at the end of the
century up to 10° transistors
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ability to actually calculate what before could only be imagined, and this works like
an infection on the everyday practice of mathematics: mathematicians, scientists and
engineers calculate orbits of satellites or trajectories of dynamical systems, numerical
distributions or time series of real processes, weather maps or mathematical studies
of singularities, temperature distributions in a furnace or statistical properties of the
zeros of Riemann’s eta function, ...

Among the most remarkable changes, Mathematics has had an important role in
industrial and other applied processes in which laboratory experiments are combined
with the new tools derived from Mathematics: there appears the combination of
mathematical mo eli atio = mathematical a me ical a alysis sim
latio is ali atio co t ol that forms a usual tool in the most diverse fields:
communications, weather prediction, astrophysics, mining and the oil industry, ecol-
ogy, industrial engineering, the car industry, economy and finance, and quite recently
biology and medicine, as we will see with some detail in section 8. This interest gives
rise to big institutes and computation centers all over the world. And new disciplines
arise, like CFD, i.e., Computational Fluid Dynamics, or CB, Computational Biology.

The new concepts: numerical model, computer simulation, numerical experiment
or exploration, dynamical visualization,... have become daily practice in scientific
and industrial media. The development of methods of numerical formulation of the
continuous models of physics, like differential and integral equations, is a fundamen-
tal branch of computational mathematics (viz, the methods of finite differences, finite
elements®, finite volumes,...). The study of the properties and convergence of these
methods constitutes Numerical Analysis, that has a deep connection to Algebra. On
the other hand, the computation capacity gives new life to the discrete mathemat-
ics, as graph theory, with its important applications (for example, to the telephone
networks and in general to the world of communications).

In summary, a view has emerged where Computational Science is now the third
leg of the scientific approach together with Theory and Experiment, and this view is
nowadays strongly practiced in Physics, Chemistry and Engineering.

57Finite elements are a wonderful example of the development of a mathematical-numerical tool
by the parallel but separate e orts of mathematicians and engineers, see an interesting historical
account in [2]. The phenomenon is not isolated, cf. the recent history of wavelets. These examples
should lead us to think a bit more about the benefits of communication.
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Trends at the eginning of the XXIth century.
Mathematics in cience, Industry and usiness

We have seen the recent evolution of pure and applied mathematics towards theoret-
ical consistency and universality of interests. In consonance with this, the panorama
of current interests and future trends in the world of Mathematics offers an impres-
sive variety. sing a somewhat rhetorical language, we may say that Mathematics is
today ubi uitous, it is everywhere, and relevant, it matters. Mathematical modeling
plays a bigger role than ever in science, engineering, business and the social sciences.

We will mention next some of the main applied topics as they appear in the
literature, in conferences, in programs of major research institutes. We point out in
italics related mathematical aspects for the reader’s convenience.

Celestial Mechanics. Problems of aeroespacial science. Stability and chaos in
dynamical systems. Strange attractors. Mechanics of solids and fluids in zero gravity.

Theory of fluids. Application to meteorology and climatology. Ocean engineer-
ing. Global warming and other geo-social issues. Complex Environmental Problems,
global warming, environment engineering, global circulation models, balance models.
Glaciology. Acoustics and application to the sound industry. Industrial fluids, lubri-
cation. Turbulence. Predictability and chaos. Stability, bifurcation. ree boundary
problems. Hierarchies of approximate problems as the geostrophic model . New areas
like fluid and structure interaction.

Aeronautics. Hydrodynamical problems, supersonic and transonic flight. Air-
foil design. Problems of combustion (flame propagation, detonation). Shock waves
and hyperbolic e uations. oundary Layers and asymptotic developments. Traveling

aves.

Modern Physics. The Mathematics of the atomic world and of elementary par-
ticles. The standard model, quantum electro-dynamics, quantum chromo-dynamics.
Group theory, renormali ation and gauge theories, supersymmetry, ang Mills e ua
tions, instantons, dilatons, branes,... exotic geometries and topologies in higher di
MENSIONS.

Astrophysics. General relativity, stellar models. Mathematics of plasma physics,
magnetohydrodynamics. inetic e uations  olt mann, Landau, okker Planck,
Vlasov, ... .

Geosciences. Problems of resources and mining. Complex Environmental Prob-
lems, global warming, environment engineering, The e uations of oil extraction, of
groundwater ltration, of contaminant dispersal nonlinear systems of P s and free
boundary problems. Mathematics of seismic phenomena, wave propagation, inverse
problems.
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Material Science. Solid state physics. Nanotechnology. Coupling of quantum
states, mesoscopic and continuous. Semiclassical olt mann theory, igner e ua
tion. Composites. Linear and nonlinear lasticity. Homogeni ation theory. Fracture
theory. Polymers. Superconductors.

Strength of materials. Microstructures, composites, new materials. Theory of
fracture. Mathematical theories of calculus of variations and the homogeni ation.
Singularity formation and evolution, blow up problems.

Industrial Engineering. Steel industry, blast furnaces. Prototypes for the car
industry (fluids, aerodynamics, materials and fracture theory).

Electromagnetic field theory. Communications, antennae, radar. Industrial
applications: microwave ovens couple Maxwell equations with Fourier heat theory.

Discrete Mathematics. Graph theory, combinatorics.

Computer Science. Mathematical logic, algorithmia, computational complexity,
paralleli ation. Finite automata, formal languages, algebra. Machine learning, data
mining, artificial intelligence, natural language processing.

The design of the quantum computer would open a new world to computation.

Control. Optimal control, robust control, nonlinear control. Predictive control.
Fuzzy control systems. Neural networks, Fault Detection and Diagnosis in Industrial
Processes. Modeling and Control of Economic Systems. Constraint Based Scheduling.
Communication and Control of Distributed Hybrid Systems.

Automation and Robotics. Algebraic geometry and computation. Computer
Vision and Virtual Reality. Biological and Computational Learning.

Information theory. Coding of messages, error-correcting codes. Surprising
applications of number theory and algebra. Image Processing and Compression.

avelets, fractals, nonlinear P theories.

Statistics in Science, Industry, Government and Business. Estimation and hy-
pothesis testing, design of experiments. Reliabilitiy, survival analysis. Stochastic
processes. Time series. Epidemiology. uality control. Analysis of Variance. Multi-
variate analysis. Survey sampling, polls.

Optimization Theory and Mathematical Programming. Integer Programming:
Facets, Subadditivity, and Duality. Nonlinear programming, convex programming.
Interative Methods. Industrial Design Optimization. Numerical methods, partial
di erential e uations, calculus of variations, combinatorics, linear algebra.

Problems of optimal transportation. Problems of traffic. Traffic in the eb.

Economy. Financial calculus unites stochastic di erential e uations, partial dif
ferential e uations and free boundary problems. Models for the global economy.

Chemistry. uantum Chemistry: simulation of atomic and molecular structures
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through fundamental e uations. Reaction dynamics, combustion. Mathematics of
nucleation, growth of crystals and chemotaxis. ront propagation, traveling waves,
chemical oscillators.  haos. Drug design.

Life Sciences and Medicine:

Biology: Population models. Mathematics of Genetics, Computational phy-
logenetics. Nucleic Acid structure and function. Molecular evolution. Proteomics.
Regulatory and developmental pathway inference ADN computation.

Medicine: interaction fluid-structure as a model for the blood flow. Modeliza-
tion and simulation of the function of other organs: brain, lungs and liver. Self
organi ation and fractal geometries. Computational neuroscience. The Mathematics
of infectious diseases.

Tomography. Computerized tomography, 3D image reconstruction. Tumor
growth models. ourier and adon Transforms.

Though Computational Mathematics (as different from Computer Science) per-
meates all fields of application, it derserves a mention in itself: numerical methods and
codes; efficient algorithms; approximation, (a priori and a posteriori) error estimates,
adaptive methods and adaptive models, ...

On the other hand, Mathematical Modeling in its different variants (determin-
istic, continuous, discrete, ...) leads to the problems of Model Validation and the
techniques of obtention and elaboration of data on which validation is based (see
Statistics above), as well as the quite important (and debated) concept of hiererachy
of models, a progressive way of approaching “reality” that is nowadays recognized and
embedded into the toolkit of the applied scientist (the old idealist with their eternal
truth will revolve in their graves; or will they not?).

We shall stop here and take a much needed break with some comments. The
list is losely organized by affinity of topics; however, the close interconnection of the
branches of applied mathematics forces us to indulge in repetitions, or otherwise to
place a subject under one of various possible headings. On the other hand, we are
leaving without proper comment a number of fields of application: the theory of com-
plex systems, selfsimilarity in the natural world, pattern formation and recognition,
the global positioning systems (GPS), mathematics of electoral systems, Architecture
or the food industry. And there is the trend for Mathematics to play an important
role in the Arts, as it already does in the Entertainment Industry combined with the
formidable progress of computer technology. And how could I forget talking to you
about Knot theory, the Simplex Method or the Kalman Filter? In conclusion, this
long list is incomplete because of the limited knowledge of the author, but I hope that
it will impress upon the reader the enormous variety of interests of today’s applied
mathematics.
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I would like to add a final personal reflection on the trends I see underlining all the
above diversity. The mathematics that are to come will be much more stochastic
and al o ithmic than they used to be in the XXth century, and mathematical
mo eli will come to be considered an essential part of the mathematical education
and activity. But whatever happens, it looks to me that a clear and complete  oof,
and elegant if possible, will always be the heart of the matter, as it has been since good
old Euclid, and future mathematicians will still get excitement from o lems a
co ect es and as Galileo did, from loo i at the o1 (or the stars). And
they will build, perched on the shoulders of former giants, these delicate, intricate and
elusive objects called theo ies some of them destined to oblivion, some to eternity,
or to the daily wear-and-tear. Who marvels anymore at the surprising existence
of electromagnetic waves filling the air, now that they have even become a form of
pollution? But so much for philosophy at this moment.
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